We consider a simple cavity optomechanics and study the ground-state cooling of mechanical resonator in the quantum regime. Using the effective master equations in the linear regime, the equations of motion can be obtained for the second order moments. The steady state solutions are derived in the case where the antiresonant terms are ignored. The final mean value of phonon number is compared the case where the antiresonant terms are included. We find that the groundstate cooling in the last case is improved. Indeed, the inclusion of the antiresonant terms makes the system able to generate a squeezed field, which is required for enhancing cooling. The variances of the resultant field are presented. Analytic calculations are presented in some appropriate regimes. Then our analytic predictions are confirmed with numerical calculations.
I. INTRODUCTION
The radiation-pressure interaction between mechanical degrees of freedom and the modes of the electromagnetic field inside an optical or microwave cavity has investigated, in order to make the cavity optomechanics more promising domain of research . The cavity optomechanics [1] [2] [3] [4] [5] [6] [7] [8] offers an interesting framework for diverse applications, such as the ultrasensitive measurements [9, 10] , transducing quantum communication between diverse parts of quantum networks [11, 12] , testing quantum mechanics in various microscopic scales [13, 14] and quantum information processing [12, 15] . More recently, hybrid optomechanical systems have been exploited, in order to apply the features of various quantum systems to original quantum technologies [16] . Particularly, hybrid optomechanical systems have been explored for macroscopic ground-state cooling [17] [18] [19] [20] , optomechanical coupling enhancement [21] and entanglement [22] [23] [24] . With the current developements in laser cooling techniques [12] , construction of low-loss optical mechanism and high-Q mechanical resonators, it is now attainable to set up nanomechanical oscillators, which may be controlled to a very high precision and can still achieve the quantum regime of the oscillations. Recently, the quantum cooling of macroscopic mechanical resonator has been proved theoretically and achieved experimentally [25] . The current results suggest that the generation of quantum resonators with a mass at the microgram scale is within reach [25] . For optomechanical systems, cavity-assisted backaction cooling of mechanical resonators, cooling in the single-photon strong regime of cavity optomechanics, single-photon optomechanics, sideband cooling beyond the quantum backaction limit * sbougouffa@hotmail.com and sbougouffa@imamu.edu.sa with squeezed light [26, 27] and ground-state cooling of mechanical resonators [28] [29] [30] have been studied. In this paper, we explore the effect of the unresolved sidebands of the ground-state cooling of mechanical resonators using a simple cavity optomechanics. Using the master equation in the linearized approximation, the equations of motion of the second order moments are derived. A comparison between the steady-state solutions of the obtained system with and without antiresonant terms is presented. The mean value of the phonon number is calculated in both situations. It has shown that the inclusion of the antiresonant terms improve the ground-state cooling of mechanical resonator. A simple interpretation is given, i.e., the inclusion of the antiresonant terms leads the system itself to generate a squeezed field, which is required to enhance the cooling of mechanical resonators. The variance of the combined optical and phonon fields are calculated in the sideband regions and it has shown that the the resultant field can exhibit a squeezing of high order. For more realistic situations, we consider the situation within the recent experimental range of parameters. This paper is organized as follows: In Sec. II, we introduce the model and we deduce the equations of motion for the second order moments in linearized approximation. In Sec. III, we investigate the steady state solutions with and without the counter-rotating terms. The mean values of the steady state phonon number are obtained and compared to each other. Some analytical and numerical solutions are presented. In Sec. IV, we present analytical and numerical calculations of the variances of the combined fields in the cavity optomechanics. We show that the resultant fields in the cavity can be squeezed in the resolved sideband cooling. In Sec. V, we summarize our remarks.
II. MODEL, HAMILTONIAN AND MASTER EQUATION
In this section, an optical Fabry-Perot cavity is considered such that one mirror is driven by laser and the other mirror is able to move by the effect of the radiation pressure force (Fig. ??) . In order to simplify the mathematical treatment we consider one cavity mode case and we assume that the photon scattering into other modes is ignored. As the cavity is driven by external field, thus a quantum mechanical description of a cavity is given by the inputoutput theory. On the other hand, the mechanical resonator is quantized, thus it can be considered as an ensemble of phonon modes that are characterized by the frequency ω m . In the adiabatic limit, the system Hamiltonian reads [30] 
where ω c is the optical angular resonance frequency,â † (â) andb † (b) are the creation (annihilation) operators of the cavity and the mechanical mode, respectively. The third term describes the optomechanical interaction with the coupling strength g 0 . The last term in Eq.(1) illustrates the driving field with frequency ω l and E denotes the driving strength.
An appropriate investigation of the problem requires including different effects. The main effect is the photon losses in the optical cavity that is characterized by the decay rate κ and the loss of mechanical excitations, i.e., phonons, which is quantified by the energy dissipation rate γ m . The motion's equations can be obtained using Heisenberg equation, thus the subsequent coupled system of nonlinear Langevin equations [31] reaḋ
where ∆ 0 = ω c −ω l is the cavity detuning, κ is the damping rate of the cavity mode and (a in (t)) is the annihilation operator of the input field, verifying the correlation relation [32] 
where
rium mean thermal photon number and T is the temperature of the reservoir and k B is the Boltzmann constant. For optical frequencies ω c /k B T 1, which yield N (ω c ) 0, thus the only correlation function of first equation in Eq. (3) is significant. The vibrational mode is affected by a damping force of decay rate γ m and the mechanical noise where the hermitian Brownian noise operatorb in does not describe a Markovian process. On the other hand, the quantum effects are reachable just by means of vibrations with a large mechanical quality factor Q mj = ω m /γ m 1. In this limit, we recover a Markovian process and the following second moments [33] 
is the mean thermal excitation number at the frequency of the mechanical mode. In order to explore the cooling mechanism, we use a canonical transformation of the typeâ = a s + δâ,b = b s + δb, where the amplitudes a s , b s are the steady state solutions of equations (2) . For small parameters g 0 and 1/Q m we get b s = g 0 |a s | 2 /ω m and a s = E/(κ/2 + i∆), where ∆ = ∆ 0 − g 2 0 |a s | 2 /ω m is the effective detuning, which includes the radiation pressure effects. Thus, |a s | 2 is the steady state occupancy of the cavity in the absence of optomechanical coupling and b s is the static shift of the mechanical amplitude due to radiation pressure. In the parameter regime |a s | 1, one can carefully ignore the nonlinear terms δâδâ † and δbδâ. Then we get a system of linearized quantum Langevin equations
Within this transformation, the corresponding Hamiltonian readŝ
where g = g 0 a s illustrates the light-enhanced optomechanical coupling strength. Without lost of generality, the reference point of the cavity field is selected such that the mean value a s must be real positive. In addition, the rotating terms in this Hamiltonian describe the beam splitter interaction although the counter rotating terms report the two-mode squeezed interaction. On the other hand, the operators δâ and δb defining the fluctuations about the steady state values a s and b s , respectively, favour equations of motion identical to the quantum master equatioṅ
where D[ô]ρ = ôρ,ô † + ô, ρô † is the standard dissipator in Lindblad form, which remains invariant under the previous canonical transformation.
Using the master equation (7), the evolution of the mean phonon numberN b = δb † δb = T r(ρδb † δb) can be given by a linear system of coupled ordinary differential equations relating all the independent second order moments
which determine the covariance matrix. The system can be read as
These equations (9) can be written in the following compact formμ
where A is the drift matrix, B is the vector composed of noise terms [34] andN a = δâ † δâ is the mean photon number.
III. STEADY STATE SOLUTIONS
In order to explore the stationary cooling mechanism, we need to solve the coupled system in the steady state. Indeed, we will examine the cooling effect with and without rotating-wave approximation.
A. Without the Counter-Rotating Terms
Here we are concerned with an interesting case, where κ g ω m . In this regime, the rotating-wave approximation(RWA) can be used such that the counter-rotating terms δâδb and δâ † δb † are ignored and the previous coupled system becomeṡ
where C ± = δâ † δb ± δâδb † describe the coherences between the optical and mechanical modes. The steadystate solutionN s,RW A b can be obtained as
For the red sideband resonant region with ∆ = −ω m , where the cooling measure is at resonance, we obtain
which shows that the steady state cooling limit in RWA depends on the cavity and mechanical decay rate. In Fig. 2 we present the variation ofN 
B. With the Counter-Rotating Terms
On the other hand, for the regime where the coupling strength is close to mechanical resonance frequency ω m , the effect of the counter-rotating terms must be included and we have recourse to solve the complete system Eq.(10). As we are interested to the steady state solution N s b for the cooling mechanism, the expressions are very cumbersome, we present in Fig. 3 , the variation ofN s b in terms of the normalized effective detuning for different values of g. For other parameters, we restrict ourself to the recent experimental realizations [35] . We can see from these results that the cooling in the optomechanical cavity is enhanced by including the anti-resonance terms which describe the two-mode squeezing interaction. In order to explore the analytic expressions of the final steady state average phonon numberN b , we will consider the interesting regime, where γ m κ, g, ω m , which is close to the experimental realizations. In this case, we can get (γ m → 0) such that γ mn is kept limited. In this regime, for ∆ = −ω m we get the minimum final average phonon number as
The first term in Eq. ( 14) is due to the mechanical dissipation, while the second term represents the heating generated by the quantum backaction applied by the cavity. These main contributions can be optimized in terms of the effective coupling strength g and the decay rate κ. In addition, the thermal noise in the cavity input contributes to the final occupancy of the mechanical resonator, but it is canceled in this treatment by considering the mean value N (ω c ) 0. From Fig. 4 , we can understand the oscillation of N b around ∆ = −ω m in terms of the effective normalized coupling strength g/ω m . Furthermore, this result shows the regions of the parameters where the optimum final steady state average number can be obtained.
IV. STEADY-STATE OPTOMECHANICAL SQUEEZING
Quantum squeezing in optomechanics systems is not only a key feature of macroscopic quantum properties [ 26, 36, 37] , but can also be utilized to advance the cooling of radiation-pressure interaction. In this part, we show that the robust optomechanical squeezing field in the steady state can be generated in a cavity optomechanics when the antiresonant (non-RWA) terms are included in the covariance approach for the regime where the coupling strength is close to mechanical resonance frequency ω m . The squeezing of the resultant optomechanical field is just generated by the proper incorporation of the antiresonant terms in the treatment and leads to the improvement of cooling.
A. Squeezed field
Consider a single mode field which can be written aŝ
where E 0 is a constant. Introducing the two Hermitian 
B. Variances of resultant fields
In the following, in the considered regime, where the anti-resonance terms are incorporated, we explore the squeezing effect of the combined optomechanical field in the considered model. Indeed, we consider the combined fieldsd
where [d ± ,d
± † ] = 1. The quadratic components of these fields are defined as
,
which obey the commutation relation [X d ± , Y d ± ] = i and satisfy the Heisenberg uncertainty relation
where the factor "1/2" on the right-hand side determines the vacuum level of the fluctuations. ∆X d ± 2 and ∆Y d ± 2 are the variances of the quadrature components, which are given by
which can be expressed in terms of the independent second order moments of Eq. 7 as
In In the regime γ m κ, g, ω m , the analytic expressions of the variances can be obtained. The variance ∆X d + 2 can be read as
and
which clearly show that the variances can be less than 1/2 for some parameter ranges. We present in Fig. 6 in the red sideband resonant region. This means that the anti-resonance terms can generate squeezed states as well as they enhance the cooling in the optomechanical cavity. The inclusion of the anti-resonance terms make the system able to generated a squeezing light, which is required for cooling of mechanical resonators and then for quantum entanglement [38] . respectively, while the orange one is the vacuum level of the fluctuations.
V. CONCLUSION
We have explored the cooling of a mechanical resonator in the quantum regime using the effective master equations for the applicable degrees of freedom in linear regime. We have derived the equations of motion for the second order moments. We have addressed the crucial point, which reside essentially in the contribution of the rotating and counter-rotating terms in the steady state solutions of the equations of motion. The final steady state mean values of the phonon number are compared in both cases. Our results showed that the incorporation of the counter -rotating terms improve the ground-state cooling of mechanical resonator in the red sideband regime, which is in good agreement with an average phonon occupationN b = 0.20 ± 0.02 that has recently been experimentally achieved [39] . The analysis of the steady state of the system has demonstrated the importance of the inclusion of the antiresonant terms in the equations of motion. In addition, the insertion of the antiresonant terms leads to the creation of squeezed field in the cavity optomechanics. We have shown that the resultant field can exhibit a squeezing of high order, which is at the heart of improving the ground state cooling. The variances of the combined optical and phonon fields are calculated and our results showed that the system can generate a squeezed field. Our results may be constructive for making distinction between different regimes of resonant and antiresonant terms, which merit a further study in the future.
